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Abstract. From the studies of rates and distributions of heavy quark (c, b) mesons we have developed addi-
tional evidence that hadron formation, at least in the simplest environment of e+e− collisions, is dominantly
controlled by a space-time area law (“STAL”), an approach suggested by both non-perturbative QCD and
relativistic string models. From the dynamics of heavy quarks whose classical space-time world-lines devi-
ate significantly from the light-cone, we report the exact calculation of the relevant space-time area and the
derivation of a Lorentz invariant variable, zeff, which reduces to the light-cone momentum fraction z for low
mass quarks. Using zeff in the exponent of our fragmentation function in place of z, we find persuasive agree-
ment with L= 0, 1 charmed and bottom meson data as well as for u, d, s L= 0 states. Presuming STAL to
be a valid first-order description for all these meson data, we find the scale of other possible second-order
effects to be limited to ∼ 20% or less of the observed rates. The model favors a b-quark mass of ∼ 4.5 GeV.

1 Introduction

Hadronization – the evolution of a hard quark or gluon
into a jet of hadrons – is a non-perturbative QCD process
for which currently only phenomenological treatments are
available. Figure 1 depicts the main three stages of hadron
formation of light quark mesons in the simplest environ-
ment of e+e− collisions. First, the colliding beams annihi-
late and proceed through a virtual γ or Z0 which decays
into the “primary” quark pair (q0q̄0) – a process calculable
by electro-weak theory. The next step is the fairly well un-
derstood high Q2 regime where these energetic quark and
antiquark fly apart. The behavior of the stretched color
tube (string) between them and their subsequent hard
gluon radiation is calculable to a fairly high level of accu-
racy by perturbative QCD and leading log techniques and
have been implemented in several numerical simulations,
most successfully byWebber [1–3] and Lund [4–7]. We use
the implementation in Lund’s JETSET [4–6] program as
input to our modeling of the next stage.
The last and, for us, most important major step of de-

velopment (shown in Fig. 1 for light primary quarks) fol-
lows the process in which the primary quarks (q0q̄0) fly
apart and stretch a narrow color field between them. The
transition from this state to hadrons (“hadronization”) is
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the focus of our study. By its nature, the soft process of
hadronization, which develops as time evolves (upward on
the page in Fig. 1), is not calculable via perturbative ex-
pansions because of the large value of the strong coupling
at the very small momentum transfers in this stage. There-
fore phenomenological models have been constructed to
describe the process; most notably the cluster model of
Webber [8] and the string model of Lund [9, 10] imple-
mented by the Monte Carlo programs HERWIG [1–3] and
JETSET [4–7], respectively – as well as our own. Our im-
plementation follows the Lund JETSET “outside-in itera-
tive approach” in which the stretched color field between q0
and q̄0 breaks up to produce new quark pairs such as q0q̄1
and q1q̄0, with each pair taking away a fraction of the en-
ergy; this implementation process is repeated for each new
pair until the quarks in the pairs can be confined within
ordinary colorless hadrons in a so-called yo-yo mode. The
line segments in the upper part of Fig. 1 represent the fi-
nal quark pairs, and the shaded squares show the produced
hadrons (here only mesons are shown as di-quark pairs are
needed to show baryons).
Historically, there are two distinct important roles

which these models can play, with different objectives and
criteria for evaluating their efficacy. One role is to give
as accurate a description of the relevant data as possible,
using as many parameters as are needed and where each
parameter preferably has some plausible physical basis.
Such models are useful, e.g. for, detector builders who need
to design devices with a particular response or data an-
alyzers who must know the acceptance of their detector
to calculate particle rates, distributions, and correlations,
etc. Programs of this variety, such as Lund’s JETSET,
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Fig. 1. Hadronization in e+e− collisions has three distinct re-
gions: (I) Fully described by electro-weak theory, the e+ and
e− annihilate to a pair of massless quarks (q0q̄0 ), which begin
to fly apart along their light-cones. (II) Described by pertur-
bative QCD, in the region denoted by Aplane, the stretched
color field between primary quarks radiates gluons that can fur-
ther turn into other gluons and quark–anti-quark and di-quark
pairs (parton shower). (III) From breaking of the color fields,
pairs such as q0q̄1 and q1q̄0 are produced in our implementa-
tion which subsequently can break into other quark–anti-quark
pairs. Finally a stage is reached (line segments in the upper part
of figure) where the produced pairs can be confined inside col-
orless hadrons (shaded rectangles). The event space-time area
marked by Aplane (bordered by the solid line segments) and
axt (hatched area), are related to the event and hadron for-
mation probabilities, respectively, and the hadron box area
Axth =m

2
h/2κ

2

have been quite successful. However, the many parame-
ters involved tend to obscure the question of whether their
physical bases are close to the mechanisms actually con-
trolling the process. The center-piece of the Lund model
is the derivation of the well known Lund symmetric frag-
mentation function (“LSFF”) [9, 10], which is derived for
massless (light) quarks in 1+1 dimensions and is given by

f(z) =N
(1− z)a

z
exp

(
−b
m2h
z

)
. (1)

This function describes the probability density for pro-
ducing a hadron with mass mh taking a fraction z of the
light-cone momentum (p+ =E+p), where z is defined be-
low and a and b are arbitrary parameters arising naturally
from the Lund approach. However, this function appears
not to be appropriate for heavy quarks, and therefore other
fragmentation functions are used in the Lund implementa-
tion to describe them.
The other role, typified by UCLA’s modeling, has the

goal of making a persuasive case of identifying a dominant
physical principle which controls the process. The meas-
ure of success in this approach is a combination of (a) the
simplicity and attractiveness of the presumed underlying
physical principle, (b) the smallness of the arbitrary pa-
rameter space, and (c) the quality of the agreement with
the data.

The central thesis of our model is that of a space-
time area law (“STAL”) approach – suggested by both
soft strong-coupled QCD [11–13] and relativistic string
models [14–16] via a least action principle – as the single
dominant physical principle controlling the hadroniza-
tion process. That is, whereas there may be other phys-
ical mechanisms involved (e.g., such as the tunneling-
motivated s/u or wavefunction-motivated vector/all in
Lund’s model), our study suggests that they are at most
secondary phenomena which would create relatively small
corrections ≤ 20% to the rates predicted for various fla-
vored hadrons by our STAL-based model.
Our earlier results [17] showed that the STAL approach

worked persuasively for light quark mesons containing u,
d, and s quarks. In this paper we extend our work to rates
and energy/momentum distributions of charm and bottom
mesons, including L= 1 states. Again, the comparisons are
rather persuasive for the proposition that the effects of
STAL dominate the results.

2 UCLA scheme for light and heavy quarks

As described in detail in our earlier publication [17], the
space-time area law (STAL) approach simply means that
the probability of occurrence of an event is proportional
to the negative exponential of the area in space-time
swept out by the event – that is, exp(−bAplane), where
an example of Aplane is the 1+1 dimensional area shown
in Fig. 1 for light quarks.

2.1 Light quark treatment

We have discussed [17] how the STAL assumption com-
bined with the conservation of energy-momentum led to an
event weight function, and using an iterative procedure –
where one hadron at a time is pealed off from the end of
an event – we arrived at the following fragmentation func-
tion [17] for light primary quarks in 1+1 dimensions:

f(z) =
NC2

(4π)2
(1− z)a

z

(
1−
m2h
Sz

)a
exp(−b′axt) , (2)

where axt is the hatched area in Fig. 1 formed by the seg-
ments of the q0 world-line and the q̄1 world-line and its
extension. It can be shown that axt =m

2
h/κ

2z for light pri-
mary quark pairs (where κ is the string tension, of the
order∼ 1 GeV/fm), so that

f(z) =
NC2

(4π)2
(1− z)a

z

(
1−
m2h
Sz

)a
exp(−b

m2h
z
) , (3)

where C is the Clebsch–Gordan coefficient to combine the
flavor and spin of the quark and antiquark into the hadron;
N is a spatial “knitting factor” ∼ (2.7 fm)2, presumed ap-
proximately the same for all hadrons, to knit the quark
and antiquark into the hadron’s spatial wave function; S is



S. Abachi et al.: Space-time area law model: a foundation for hadronization 571

E2c.m.; z is the light-cone momentum fraction defined for all
primary quark masses by

z ≡
p+hadron
p+quark

, (4)

with p+ = E+p. Expressions (2) and (3) are our UCLA
fragmentation function (“UCFF”) for light quarks. Ex-
pression (3) is of the same form as the LSFF given by (1),
with the exceptions of the small correction factor, (1−
m2h/Sz), and the important absolute normalization for any
flavor–spin combinations given byNC2/(4π)2.

2.2 Heavy quark treatment

Figure 2a is the heavy quark analog of Fig. 1, showing the
situation in 1+1 dimensions for a heavy primary quark
pair. The curves depict (as will become apparent) the clas-
sical hyperbolic space-time curves (world-lines) of these
quarks. For comparison, the dotted line segments are the
light-cone paths for the case of a massless primary quark
pair. The classical curved world-lines of heavy quarks nat-
urally affect the areas spanned in certain segments of the
event, in particular that ofAxt – the hatched area in Fig. 2a
bounded by the curved heavy quark path and the q̄1 world-
line and its extension. Axt, so defined, is the analog of axt
in Fig. 1.
If one takes seriously the STAL approach and the use

within it of classical motions for heavy primary quarks in
a linear potential, then the light quark UCFF of (2) must
be modified so that axt is replaced by Axt, and as a con-
sequence UCFF of (3) must be modified such that z in
the exponent is replaced by a new variable, “zeff”. There
have been approximate calculations of Axt and thereby
of zeff [17, 18]. Since the values of Axt and/or of zeff are
very important to a proper STAL treatment and they are
somewhat sensitive to small approximations, an exact cal-
culation of Axt has been performed by one of us

1 – but due
to the rather long derivation the details will be published
elsewhere. Here we sketch some useful steps in the deriva-
tion and present the final expressions for Axt and zeff.
Consider the relativistic string model [9, 10, 14–16] of

a bound qq̄ pair (yo-yo system). The statements that a lin-
ear potential exist, leading to a constant tension κwhich in
turn leads to the equation of motion for each quark in the
pair, are

dE

dx
=±κ

dp

dt
=±κ . (5)

It is generally favorable to work with light-cone variables in
xt and momentum spaces, defined by

x± = x± t p± =E±p . (6)

Starting with (5) and using these variables, we can show
that the space-time and momentum-energy areas as well as

1 S. Abachi.

Fig. 2. a The analog of Fig. 1 for a heavy primary quark pair
is shown. While massless quarks travel on the light-cone, heavy
primary quark classical world-lines in 1+1 dimensions are
curved and they modify the space-time areas. Axt (hatched re-
gion) and Aplane (the event area, bordered by the solid line
segments and curves) are the modified areas. Therefore event
and hadron formation probabilities are also modified. b The hy-
perbolic world-lines of the heavy quarks q0 and q̄0 in a boosted
frame where q0 was initially at rest. The lower hatched area Axt
(a Lorentz invariant) is shown, which is bounded by the q0 and
q̄0 curved paths and the light-cone path segment of q̄1 and its
extension

the light-cone momentum fraction variable z are Lorentz
invariant.
For heavy primary quarks the area of interest is Axt

– the hatched area of Fig. 2a. To calculate this, we begin
with the equation of motion of the primary quark q0 as
given in (5). Since the areas are Lorentz invariant, for con-
venience we integrate the equation of motion in a boosted
frame where q0 is initially at rest as displayed in Fig. 2b.
Shown in the same figure, once the primary color tube
breaks, a new quark–antiquark pair, q1q̄1, is created at the
vertex point V, generating the first primarymeson contain-
ing q0 and q̄1. These quarks are accelerated towards each
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other until they cross at point E, where the primary me-
son is first created. By then, κ∆x field energy is transferred
to kinetic energy of the quarks and κ∆t momentum is ac-
quired by them. By integrating (5) for q0, one obtains

(
x−
µ

κ

)2
− t2 =

µ2

κ2
. (7)

This is a hyperbola describing the world-line of q0 in the
boosted frame and passing through x= t = 0. We can de-
scribe the motion of q̄0 in this frame as well by integrating
(5) to get a different hyperbola. The lower hatched region
in Fig. 2b represents Axt. To evaluate this area, an inte-
gration between the hyperbolae curves from O to E is per-
formed. This yields the following exact expression for the
invariant Axt:

Axt =
1

2κ2

[
m2h
z
−µ2−µ2 ln

(
m2h
µ2z

)]

+
1

2κ2

[
εpµ+µ

2 ln

(
1−
εp

µ

)]
, (8)

where the second line term is small, since εp is a small factor
given by

εp =
S

2µ

(
1−
2µ2

S
−

√
1−
4µ2

S

)(
m2h
µ2z
−1

)
. (9)

The dominant first line term of expression (8) agrees with
that of Bowler [18], and the second line term is an ad-
ditional term (“A.T.”) which makes our result exact. Al-
though the percent magnitude of A.T. for B-mesons pro-
duced at 90GeV is negligibly small, it rises to ∼ 10% for
c.m. energies near the threshold for B-meson production.
(Note that the log in the A.T. is negative and relatively
dominant, and therefore A.T. is always negative.)
This completes the discussion of the Lorentz invariant

area Axt which is used in

f(z) =
NC2

(4π)2
(1− z)a

z

(
1−
m2h
Sz

)a
exp(−b′Axt) .

(10)

This expression – the UCLA fragmentation function
“UCFF” for all hadrons – is the analog of (2), where axt is
replaced by Axt in the exponent.
Based onAxt, we can now define a new variable (zeff) as

an analog to the z variable, which leads to a heavy quark
analog of UCFF of (3). Expression (3) can be recast from
(10) for all quark masses as

f(z) =
NC2

(4π)2
(1− z)a

z

(
1−
m2h
Sz

)a
exp(−b

m2h
zeff
) ,

(11)

comparing the exponent with that of (10) gives zeff =
m2h/2κ

2Axt (with b = b
′/2κ2), which, after replacing Axt

from (8), yields

zeff =
z

1− µ
2z

m2
h

− µ
2z

m2
h

ln

(
m2
h

µ2z

)
+ 2κ

2z
m2
h

×A.T.

. (12)

At the limit of µ→ 0 (as for light quarks), εp→ 0, and
thus A.T.→ 0. At this limit zeff→ z, causing the UCFF
of (11) exponent to be the same as that of LSFF in (1).
Furthermore, since the factor (1−m2h/Sz) in (11) is very
nearly unity, one may conclude that LSFF is a special case
of our more general UCFF function, differing mainly by
the presence of a modified variable zeff (instead of z) in
the exponent. While for light mesons zeff ≈ z, forB-mesons
〈zeff〉 ≈ 5〈z〉, almost independent of S. The rates and dis-
tributions for B-mesons differ significantly from the data
if one uses z rather than zeff (equivalent to setting µ = 0
in zeff). We will show that the zeff expression, derived from
STAL for hyperbolic quark world-lines in 1+1 dimensions,
leads to satisfactory predictions of rates and energy distri-
butions of heavy mesons in a natural way without having
to interject any ad hoc procedure or parameters. This is un-
like other current models where light and heavy quarks are
treated separately.
We note that the UCFF as derived in (10) and (11)

has the role of summarizing the consequences of our STAL
assumption. (a) It replaces the z variable in the expo-
nent of LSFF and converts it to a fragmentation function
(UCFF) that is valid for heavy as well as for light hadrons
with no additional free parameter. (b) The suppression
of the production rates of heavier hadrons arises natu-
rally from the hadron mass in the exponential and from
the spatial/spin/flavor normalization NC2/(4π)2 for each
hadron with no additional free parameters (whereas, for
example, the production rate suppressions in the current
Lund model are not due to hadrons mass but occur via
several presumed effects depending on variables such as
secondary quark or di-quark masses or on whether the par-
ticle is a vector or of other types, with several adjustable
parameters to control these effects).

3 Analysis

Our methods of analysis are explained here and applied
to light mesons (containing u, d, and s quarks), charmed
mesons, and bottom mesons. For each sector, we examine
the extent to which the STAL-based assumption holds.

3.1 Fitting and comparing with data

As described in [17], our six significant parameters are Λ
and Q0 which control the parton shower, a and b in the
fragmentation function; n, which controls the pt distribu-
tions; and η, which controls the suppression of multiple
meson structures between a baryon–antibaryon pair. Re-
cent data and our exact expression for zeff given by (12)
have led to a slight retuning of the UCFF parameters a and
b in our overall comparisons to the data. Compared to the
values given in our earlier publication [17], the value of a
was modified to 1.75 from 1.65, while b was changed to 1.10
from 1.18 (see [17] for a detailed description of the tuning
process). Data, for this purpose, are mostly updated from
the Particle Data Group (“PDG”) tables [19], except for
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orbitally excitedD∗∗s states at 91GeV [20] and 10GeV [21].
Estimated uncertainties in the decay branching fractions
from higher mass states have been introduced in quadra-
ture into the uncertainties for the data rates.
In Fig. 3a–c we compare available data [19–21] with the

predicted rates for various flavored mesons at Ec.m. of 91,

Fig. 3. All available data rates for meson production are compared with the UCLA model predictions at c.m. energies of
a 91 GeV, b 29 GeV, and c 10 GeV, in terms of the number of mesons produced per event. Particle names and mass value labels
for each entry are displayed in these plots. Model predictions are shown even if usable data are not available

29, and 10 (continuum) GeV. (Model predictions are shown
even if usable data are not yet available.) One notes at
each energy for each of the light quark, charmed quark, and
bottom quark sectors, that generally the production rates
drop as the mass of the state increases, and that our model
predictions track the data rates rather well. Remarkably,
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this agreement involves data that span a factor of ∼ 600
(∼ 17 to 0.03 per event) in rates, a factor of ∼ 40 (0.135
to 5.5GeV) in hadron mass, a factor ∼ 9 (10 to 91 GeV)
in c.m. energy, all five accessible quark flavors and several
spin states, including orbitally excited charmed and bot-
tom mesons.

3.2 Criterion for a satisfactory agreement

Since our central thesis is that all physical mechanisms
(e.g., s/u, V/all, etc.) other than STAL control ≤ 20%
of the various observed rates, a prediction deviating by
more than 20% from the data may signal a competing
mechanism for STAL, unless it is due to statistical fluc-
tuations. However if this difference measures more than
two standard deviations, statistical fluctuations are the
unlikely cause. Based on this argument we build an im-
portant analysis procedure; i.e., we interpret a predic-
tion which is within 20% or two standard deviations
of the datum as representing a satisfactory agreement,
whereas a prediction which deviates from the datum by
more than 20% and 2.0 standard deviations signals a po-
tentially interesting effect. The latter is an indication
of other processes that are large and potentially violate
our assumption that STAL is the dominant underlying
mechanism. The former is the criterion for confirming
that STAL is in fact the dominant effect that controls
hadronization and that any deviation can be due to sta-
tistical fluctuations. In the following three sections we
apply this important criterion and examine each of the
quark sectors in depth for any violations from our STAL
assumption.

3.3 Light quark sector

Fractional rate deviations (δ), defined by (Mc-Data)/
Data, are calculated for all mesons at the three c.m. en-
ergies of 91, 29, and 10GeV. Since there are no apparent
significant dependences of these deviations on c.m. energy
(see Fig. 3), these three results are further combined by the
usual weighted average method, and the outcome is used
throughout our analysis via our “criteria for satisfactory
agreements”.
For light mesons, in Fig. 4, we utilize the criterion set

out in Sect. 3.2 for a satisfactory agreement. In this two-
dimensional figure we show the fractional deviations (δ),
versus the number of standard deviations (ns) that the
model differs from the data for (a) u and d and (b) for light
mesons, containing s quarks using the data combined from
Ec.m. = 91, 29, 10GeV.
The shaded areas in Fig. 4 represent regions which vi-

olate our criterion for a satisfactory agreement. An entry
in these regions signals a deviation from the datum by
more than 20% and 2.0 standard deviations. Two of the
11 entries (φ and η) are at the edge of shaded regions;
the rest of the points are well within the satisfactory
domain. At the three energies, φ is consistently over-
predicted by ∼ 25%–30% (∼ 2σ), and η is under-predicted

Fig. 4. Relative rate deviations (δ), defined by (Mc-Data)/
Data), versus number of standard deviations (ns) that the
model predictions deviate from the data, are plotted for a light
u, d mesons, and b for light strangeness-containing mesons.
Data are combined from 91, 29, and 10 GeV energies when
available. An entry in a shaded region signifies a model predic-
tion which deviates from the datum by more than 20% and 2.0
standard deviations. Such entries violate our “criterion for sat-
isfactory agreement” and may signal a potentially interesting
mechanism competing with STAL. The data rates per hadronic
event for the displayed mesons range from 0.044 for φ, to 17 for
π± – a range factor of ∼ 400

by ∼ 20% (3.7σ). The data rates for the displayed mesons
range from 0.044 for φ, to 17 for π± – a range factor
of ∼ 400.
Representative fractional momentum (xp = phadron/

pbeam) distributions from ALEPH [22–25] for π
±, K0,

K∗0, ρ0, η′, φ, and η are compared with our model
in Fig. 5a–c. Though not perfect, the agreements are ad-
equately good for our STAL-based assumption. Although
not shown here, we arrive at similar conclusions for data
distributions at 10 and 29 GeV. (See our earlier publica-
tion [17] for a more complete display of flavored meson
momentum distributions and also of topological event
distributions.)
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Fig. 5. ALEPH xp (phadron/pbeam) spectra for various mesons
at the Z-peak are compared with our STAL-based model. Sym-
bols are data and solid curves are the model predictions

From the above comparisons, we find the available light
quark data in accord with the hypothesis that STAL is the
dominant underlying physical principle, though there may
be second-order effects ∼ 20%.
Having reaffirmed our earlier success [17] concerning

the light quark sector with recent data and the slightly re-
tuned values of a and b, we next turn to mesons containing
heavy quarks. We use only STAL with the zeff but no new
parameters other than reasonable mb and mc values, and
equip our model with the orbitally excited (L= 1) states of
D- and B-mesons, often referred to asD∗∗ and B∗∗ states.

3.4 Charm sector

As discussed, in Fig. 3a–c the model predictions follow the
charmed meson data well at three different energies, ex-
tending the range of the model down another order of mag-

nitude and encompassing massive orbitally excited states.
Further analysis is introduced by our criterion for a satis-
factory agreement through the two-dimensional plot of δ
versus ns. This is displayed in Fig. 6, which shows satisfac-
tory agreements for all charmed mesons with only D± at
the boundary of a shaded region. The data rates for the dis-
playedmesons range from 0.004 forD∗∗s , to 0.917 forD

∗± –
a range factor of ∼ 230.
The individual rates at the three c.m. energies do sug-

gest that in the pseudoscalar subsector we might be over-
predicting non-strange charmed meson rates by ∼ 20%
and under-predicting strange charmed meson rates by ∼
30%. However, at 91 and 29GeV, these predictions are
strongly influenced by the B-meson decay branching frac-
tions, which are not very well known and could be outside
our estimated uncertainties.
More precise D∗ data have recently become available,

and in Fig. 7 we compare our predicted xE spectrum for the
D∗± mesons with data from ALEPH [26] at 91GeV. Con-
tributions from Z → c dominates in the xE > 0.3 region,
while Z → b→ c and gluon splitting (g→ cc̄) contribute
at low xE . The dotted curve shows our predictions for
mc =mb = 0 (i.e. zeff→ z, with no gluon splitting but with
b-enriched channel) which, as expected, deviates rather sig-
nificantly from the data at high xE . With mc = 1.25GeV,
we predict the dashed curve which is consistent with high
xE data but deviates from the data at low xE . This devi-
ation is consistent with the lack of gluon splitting in our
model. The solid curve is our prediction including the hard
gluon splitting contribution as determined by the ALEPH
collaboration [26, 27]; this agrees well with data at all xE .
The average xE value from this curve (0.387) compares
quite well with the ALEPH datum [26] of 0.391±0.007.
ALEPH has separately calculated the rates in the

hadronic, b-enriched (Z → b→ c), and c-enriched (Z → c)

Fig. 6. The analog of Fig. 4 (δ versus ns) is shown for charmed
mesons. Entries outside the shaded regions signify satisfactory
agreement. The data rates per hadronic event for the displayed
mesons range from 0.004 for D∗∗s , to 0.917 for D

∗± – a range
factor of ∼ 230
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Fig. 7. The ALEPH D∗± xE spectrum at 91 GeV compared
to our predicted xE spectrum. Contributions from Z→ c domi-
nate in the xE > 0.3 region while Z→ b→ c and gluon splitting
(g→ cc̄) contribute at low xE. The dotted curve shows our pre-
dictions for mc =mb = 0 (i.e. zeff→ z). The dashed curve is
with mc = 1.25 GeV. The solid dots show the gluon splitting
contribution, extracted from ALEPH data [26, 27]. The solid
curve is our final prediction with mc = 1.25 GeV and with the
gluon splitting contribution added

channels for some of the charmed mesons, including D∗,
D∗s [26], and orbitally excited narrow charged states ofD

∗
s1

and Ds2 [20]. The rates, in terms of the probability that
these mesons materialize in each channel ×100, are com-
pared with our predictions in Table 1. In the c-enriched
channel we have satisfactory agreements for all cases al-
though for the data the relative uncertainties are very low
(only a few % higher than those of the total rates). In
all other cases we have satisfactory agreements as well.
Since the data in Table 1 are all within two standard de-
viations from the model predictions, they all comply with
our criterion for a satisfactory agreement and no further
examination of them is required. In the c-enriched sam-
ple ALEPH measures [26] an average scaled energy of
〈xE〉c = 0.4878±0.0076 for D∗±, which is 1.5σ lower than
our prediction of 0.4993.
Based on the above comparisons, the available charmed

meson data are compatible with the assumption that
STAL is the dominant underlying principle for
hadronization.

3.5 Bottom sector

Ideally, the success of the STAL-based model using zeff
is best tested with B-mesons since the quark mass effect
contribution to the zeff variable is maximal. Table 2 offers

Table 1. Comparisons of the UCLA model predictions with
the ALEPH results for several L= 0, 1D-mesons in c-enriched,
b-enriched, and total hadronic events. The values are in terms
of percent probability that these mesons materialize in each
channel. For example, for D∗ in the c-enriched channel, this
would be 100× (# of D∗’s in Z → c jets)/(# of Z → c jets).
The last column shows ns, the number of standard deviations
that the model differs from the data. The last row is the total
χ2 = Σ[(MC-Data)/Error]2 from all data in the table which is
for 9 DOF

(% probability)
Source Meson Data UCLA (ns)

c→ D∗± 23.2 ± 1.5 20.8 (−1.6)

D∗±s 6.9 ± 2.6 7.9 (0.4)

D±s1 0.94 ± 0.23 0.90 (−0.2)

D∗±s2 1.14 ± 0.60 0.86 (−0.5)

b→ c→ D∗±s 11.3 ± 4.6 16.7 (1.2)

D±s1 0.55 ± 0.20 0.18 (−1.9)

D∗±s2 0.57 ± 0.64 0.31 (−0.4)

Total hadronic→ D±s1 0.52 ± 0.11 0.34 (−1.6)

D∗±s2 0.83 ± 0.29 0.51 (−1.1)

χ2: (9 DOF) 12.0

Table 2. We compare the B-meson data rates [19] with
the UCLA model for b-quark mass assumptions of zero and
4.5 GeV. In this table, ns is the number of standard deviations
that the model differs from the data, i.e., (MC-Data)/Error.
The last row shows the total χ2 (for 4 degrees of freedom) for
mb = 0 and formb = 4.5 GeV choices. B

∗ andB∗∗ values are for
all charge states, i.e., for bu, bd, and bs states combined

mb = 0GeV mb = 4.5 GeV
Meson Data UCLA (ns) UCLA (ns)

B± or B0 0.165±0.026 0.201 (1.4) 0.187 (0.9)

B0s 0.057±0.013 0.032 (−2.0) 0.045 (−0.9)

B∗ 0.288±0.026 0.250 (−1.7) 0.274 (−0.5)

B∗∗ 0.118±0.024 0.0044 (−4.7) 0.076 (−1.8)

χ2: (4 DOF) 30.9 5.1

a comparison of the available B-meson data [19] with our
model. As expected, the agreement is poor with mb = 0
(equivalent to using z rather than zeff), especially for the
complicated overlapping L= 1 B∗∗ states which is under-
predicted by 4.7 standard deviations and ∼ 97%. Using
mb = 4.5 GeV in zeff, theB

∗∗ rate improves to 1.8 standard
deviations and 36% below the data.
In Fig. 8, we examine the data further through our cri-

terion for a satisfactory agreement. This shows that all
available B-mesons are in the satisfactory region. In add-
ition, Table 2 indicates good agreement between the data
and the model for B, Bs, and B

∗, and fairly good agree-
ment for the B∗∗ mesons.
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Fig. 8. The analog of Fig. 4 (δ versus ns) for B-mesons
at 91 GeV. Entries outside the shaded regions signify sat-
isfactory agreement. The data rates per hadronic event for
the displayed B-mesons range from 0.118 for B∗∗, to 0.288
for B∗

ALEPH [28] and SLD [29] have measured the xE spec-
tra of inclusive weakly decaying B± hadrons. These data
are compared in Fig. 9a with our predictions. Unfortu-
nately, here our model depends on the decays of higher
mass hadrons with poorly known masses and branching
fractions. Shown in Fig. 9b, ALEPH [28] has also given
an xE distribution for “primary” B

± hadrons, i.e. those
that are not decay products of higher mass states. In this
case, our model prediction is less ambiguous, but poten-
tially uncertain model dependence is involved in the data
analysis.
As expected, in both cases the predicted spectra for

mb = 0 (dashed curves) are much harder than the data.
The mb = 4.5 GeV mass value gives much softer spectra
(solid curves) that come close to agreement with the data
but do not quite reproduce the shape in detail. For Fig. 9a
(the spectra of inclusive weakly decaying B± mesons), our
model predicts an average xE of 0.712, about 0.5σ smaller
than the ALEPH value of 0.716± 0.008, and 0.6σ larger
than the SLD value of 0.709±0.005.
Although the b-sector potentially offers a very effective

test of the STAL assumption, unfortunately the experi-
mental situation is rather less favorable than for charm:
data errors are generally large and usable rate data are
only measured at one c.m. energy for two particles and two
additional categories of B∗ and B∗∗ which are sums over
higher spin states; comparisons of spectra, in one way or
another, involve model dependencies. Furthermore, several
inputs to the model, such as the b-baryon masses, are un-
measured or poorly known. These experimental issues may
explain the status of the B spectra of Fig. 9. Given these
considerations, the b-sector data currently seem to be con-
sistent with the idea that STAL is the dominant underlying
principle.

Fig. 9. The xE spectra of the B
± mesons a from ALEPH

and SLD for weakly decaying and b from ALEPH for leading
(primary) B-hadrons are compared with UCLA predictions.
Model results are given both for mb = 0 (dashed curves) and
mb = 4.5 GeV (solid curves)

4 Discussions

Two important issues – the mass of the heavy quarks and
possible other non-STAL-based contributions – deserve
further discussions. Below we study these issues.

4.1 Heavy quark masses

In the b-meson sector we have used a mass value of 4.5 GeV
for the b quark. This value is adopted because we ob-
serve that our model predictions for the rates and spec-
tra of B-mesons are sensitive to the b-quark mass, and
the model seems to favor this value when mb is var-
ied. However, due to the experimental inadequacies sur-
rounding the b-hadron data, this value may not be highly
optimized.
We point out that the parameters of the model (a

and b), which appear in our fragmentation function, are
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not strongly correlated with mb. We observed negligible
changes, if any, in the light meson rates by varying the
b quark mass within any reasonable range. This simpli-
fies the following studies quite a bit, as only the spectra
and relative rates of B-mesons are significantly affected by
mb. This lack of dependence occurs because the branch-
ing fraction is independent of the b-quark mass. We ob-
served that when the mass is varied from 3.9 to 4.9 GeV,
the B∗∗ rate prediction increased sharply, while the rate
prediction declined somewhat sharply for B∗ and declined
softly for B. Any change in the B∗∗ rate should be com-
pensated by variations in the B∗ and/or B rates. Fur-
thermore, for both the leading and weakly decaying B
meson (which we also studied in the b-sector) the mean
xE of the spectra declined sharply with mb. We are al-
ready familiar with the extreme cases in Fig. 9a and b
where mb→ 0 led to much harder energy spectra for B±

production. In fact, due to the branching fraction con-
straint, the variations with mb are expected to be sharper
for the mean fractional energies than they are for the
rates.
For each mass, we compared the B-meson (B, B∗,

B∗∗) rate predictions with the data [19] and compared
the mean fractional energy (〈xE〉) predictions for weakly
decaying and/or for leading B± meson with those of
ALEPH [28] and the SLD [29] data. Figure 10 summa-
rizes all the comparisons by plotting the over-all χ2 ver-
sus several b-quark mass assumptions. The favored mass
appears in the neighborhood of mb ≈ 4.5GeV. In this
figure we see a rapid rise in χ2 when one departs from
the mass region of 4.1–4.7GeV. Although further im-
provements in the b-hadron data are likely to lead to
a more accurate fit for mb, the result as it stands is im-
pressive as it signals consistency between our model pre-
dictions and the established range of acceptable b-quark
mass.

Fig. 10. The plot of χ2 = Σ[(MC-Data)/Error]2 for several
b-quark mass assumptions, where the terms in the sum are
B, B∗, B∗∗ meson rates as well as mean xE values for lead-
ing and/or weakly decaying B± spectra of ALEPH and SLD.
Based on this result, themb ∼ 4.5 GeV assumption has the min-
imum χ2, with a χ2/DOF of 1.6

Our predictions are not very sensitive to the charm
quark mass. Although for the extreme assumptions that
mc =mb = 0 (i.e. zeff→ z) the model distribution in Fig. 7
deviates somewhat from the data, reasonable c-quark mass
variations do not seem to alter the rates or xE spectra no-
ticeably. We thus adopt the common value of 1.25 GeV for
the c-quark mass.

4.2 Possible other significant factors
and higher-order effects

In addition to our STAL-based modeling – which appears
to control most of the observed production rates for the
various flavored mesons – there are other possible phys-
ical mechanisms which could influence production rates
and spectra, such as suppression parameters (e.g. s/u
or vector/all which are employed in the Lund model),
incorporating scalar and tensor states, better b-hadron
production data, and inclusion of secondary heavy quark
production.
These are cases of particular interest.

1. If one examines the model–data comparisons for any in-
dication of a vector/all type of suppression, one finds
that there is no need for such suppression. That is, in
our model, which uses masses via STAL and Clebsch–
Gordon coefficients to control production rates, there is
no need to use any factor for the ratio of vector to pseu-
doscalar production other than the natural 3/1 ratio
arising from the counting of final states.

2. The situation for strange versus non-strange produc-
tion is more interesting:

(a)The pseudoscalar η is under-predicted by∼ 20% (3.7
standard deviations). It is also suggestive that the η′

might be under-predicted by a similar percentage.
(b)The vector φ is over-predicted by ∼ 25%–30%
(∼ 2.1σ).

(c)The pseudoscalar non-strange D± and D0 are over-
predicted by ∼ 20% (∼ 2.0σ) whereas the Ds is
under-predicted by ∼ 30% (1.6σ).

3. The situation for the L = 1 B∗∗ set of states in the
b-sector also requires attention. Our model under-
predicted the B∗∗ rate by ∼ 1.8 standard deviations
and ∼ 36% (but it passes our criterion for a satisfac-
tory agreement). The predicted energy spectra for the
charged B-meson follow the data moderately well, but
some discrepancy is observed. In the b-sector we argued
– based on several experimental inadequacies – that the
source of the effect may be data related.

4. Due to their very small rates, our approach does not
yet model any secondary c and b quarks production pro-
cess. The ALEPH studies [26, 27] (utilized in Sect. 3.4)
show that at 91GeV only ∼ 3% of the non-primary
quarks are cc̄ pairs from gluon splitting. We infer that
contributions of secondary bb̄ pairs at all three ener-
gies and of cc̄ pairs at 29 and 10 GeV are negligible,
and that only small corrections from secondary charm
production would be necessary at 91GeV. In our follow-
ing statistical analysis, this small effect is contributing
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a bit to the total of other possible non-STAL-based
phenomena.

5 Statistical analysis of STAL

In the previous section we saw some cases emerge as candi-
dates for study for possible interesting higher-order effects
beyond STAL. Here we estimate the scale of the sum of all
such possible effects as follows: for the 53 total production
rate data points (in three energies) and with six significant
parameters (a, b, two parameters controlling the parton
shower, Pt, and baryon production), we have a χ

2 of 79,
for 53−6 = 47 degrees of freedom (DOF) – a χ2/DOF of
∼ 1.7. We incrementally add additional Gaussian uncer-
tainties in quadrature to each data point in our model until
a χ2/DOF of 1.0 is obtained. This added uncertainty is
∼ 20%. We interpret this 20% value as an estimate of the
scale of the cumulative effect of all possible second-order
phenomena, if any.

6 Baryons

Similar to our conclusion in [17], Fig. 11 shows a reason-
able match when ALEPH data spectra [22–25] for p and Λ
are compared with predictions of our model. However, ex-
amining the available baryon data [19] versus our rate pre-
dictions, the entries in the two-dimensional plot of Fig. 12
show only four (p, Λ, ∆++, Σ0) of the nine baryon en-
tries in the satisfactory region, whereas five (Σ±, Ξ−, Ξ∗0,
Σ∗±, Ω−) violate our criterion for a satisfactory agree-
ment. The current model [17], includes one free parameter
to control multiple meson production between a baryon–
antibaryon pair. However, baryons are 3-quark states re-
quiring a more complicated mechanism than is shown

Fig. 11. Proton and Λ xp spectra from ALEPH are compared
with the UCLA results. Symbols are data and solid curves are
the model predictions

Fig. 12. The analog of Fig. 4 (δ versus ns) for baryon data
combined from 91, 29, and 10 GeV where available. Entries in
the shaded regions indicate lack of satisfactory agreement

in Fig. 1. Some of these complex issues, such as di-quark
production and flavor chaining arrangements involving in-
termediate “popcorn” meson production between baryon
and antibaryon, are considered and discussed in our ear-
lier publication [17]. Given such complexities, our compar-
isons here are encouraging, but challenging. Precise data
on baryon–antibaryon and baryon–meson correlations and
direct evidence of multiple meson structures (“popcorn”)
between baryon and antibaryon pair would be very use-
ful toward better understanding the mechanisms of baryon
formation.

7 Conclusions

Existing hadronization models have placed emphasis on
accurate reproduction of the data by Monte Carlo pro-
grams. The output accuracy of such models is typically
controlled by adjusting many parameters, each presumed
to be justifiable by some physics explanation and hav-
ing roughly comparable significance in terms of control-
ling the production rates. By contrast, our model has
placed emphasis on identifying a single suitable underly-
ing principle with a very small set of ∼ 6 parameters. By
adopting a QCD-inspired space-time area law (STAL) as
our single underlying principle, we have been able to per-
suasively describe all available data on meson production
rates and spectra in e+e− collisions while limiting other
possible second-order effects to a scale of ∼ ±20%. The
agreement involves data that span factors of ∼ 600 in rate
(0.03–17 per event), ∼ 40 in mass (0.135–5.7 GeV), ∼ 9 in
c.m. energy (10–91GeV), and all five accessible quark fla-
vors with several spin states, including orbitally excited
charmed and bottom mesons.
Beginning with the STAL assumption and the dynam-

ics of heavy quarks whose classical world-lines are hyper-
bolic, we arrive at a fragmentation function (UCFF) which
is valid for heavy mesons as well as for light mesons, with
no additional free parameter. The expression for UCFF
has essentially the same functional form as that of the
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Lund symmetric fragmentation function (LSFF); only its
z variable is replaced in the exponent by a new Lorentz
invariant variable zeff, which depends on the quark mass
µ and reduces to the usual z variable as µ→ 0 for light
quarks. We have reported an exact calculation of the rele-
vant space-time area (Axt) from which the exact zeff vari-
able can be derived. By varying the b-quark mass, we
found that our model favors a value of ∼ 4.5 GeV, well
within the known mass range for this quark. In our model,
the relative production rates of states of different spin
and flavor are controlled naturally by Clebsch–Gordan co-
efficients and the hadron mass dependence inherent in
STAL.
Presuming STAL to be the dominant underlying phys-

ical mechanism, we have estimated the combined effects
of possible second-order phenomena, if any; e.g., strange
quark (s/u) and vector suppressions (vector/all), etc. We
conclude that the current state of data is consistent with no
vector/all suppression. There are a few potentially inter-
esting strange/non-strange comparisons involving η, η′, φ,
D0±, andDs, as well asB

± spectra.We are consistent with
the idea, beginning with the STAL basis, that the assump-
tions of strangeness and/or vector suppressions are wholly
or partially artificial. Further investigation of the sources of
the differences requires additional data such as higher mass
states that are not yet included (for example, scalar and
tensor mesons) and other improvements such as STAL-
based modeling of secondary heavy quark production.
There is more to be done on several fronts. Larger dis-

crepancies were found in the baryon sector. More complex
baryon models could be introduced, but they require addi-
tional data on baryon–antibaryon and baryon–meson cor-
relations as well as direct evidence of intermediate meson
structures (“popcorn”) between baryon and antibaryon.
The spectroscopy of excited bottom states must advance
in order to develop this area. Our discrepancy in the in-
clusive B-meson spectrum may be due to bottom baryons
and excited mesons. Accurate measurements of charmed
and bottom baryons would be especially useful. We an-
ticipate that the eventual resolution of the above issues
through high statistics, high quality data such as at Babar
and Belle will reveal further information about hadron for-
mation dynamics.
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